and, near the origin, the graph has approximately the same shape as the parabola r\ = 3h^, so that, at the origin, there is a minimum turning-point if A is positive, and a maximum turning-point if h is negative.
From (2) and (3) (/fc _ r)3 .-. the turning-points are given by h? + q = O --(2) and *»-2r* + (r» + 4 ? ») = a --
These are quadratic equations; therefore there are two, and only two turning-points on the graph of a cubic function :' (a) the two turning-points coincide if ^ = 0, when equation (4) becomes i) = $ 3 , whose form is well known (Fig. 28 (a) );
(6) the two turning-points are imaginary if q is positive, in which case it is easy to see that y = 3qx + r is an inflexional tangent ( Fig. 28 (&) ); (c) there are two real turning-points if q is negative (Fig. 28 (c) ). Hence the a;-axis may cut the graph in three coincident points in case (a) ; or in one real point and two imaginary points in cases The roots will be all real and diflferent if the roots of equation (5) are unlike in sign, i.e., if r 2 + iq" is negative. There will be two equal roots if a value of k as determined from equation (5) Shift the origin to the point (h, k) and the equation of the graph becomes
and
The equation of the graph then becomes
The equation (6) has for its roots the abscissae of the turningpoints of the graph, and (7) gives the corresponding values of the ordinates. The values of the ordinates are expressed as the roots of an equation in k by eliminating h between (6) and (7).
Multiplying (6) by 3<j and (7) by h, and subtracting, we get
Solving equations (7) and (9) for K 1 and h we get
whence, after reduction,
It is convenient to denote the absolute term by A.
(u) The three roots of the cubic equation
may be all equal. Since the coefficient of h" in the equation is zero, each root is zero; .'. q = 0 and r = 0 and the equation of the graph becomes, by (8), rj = f.
The graph is now easily traced. (Fig. 29 (a) ).
(/?) Two of the roots of the cubic equation may be equal. We know that in that case + iqrh + r*)(qh -r) = 0 : r r r
T
Taking h = --and k = 3qh? + 3rh + s = 3q 2 + s, 2q equation (8) becomes 2r Hence the £-axis is an inflexional tangent at the origin, and there 2r is a turning-point between £=0 and £ = -. To determine the turning-point we notice that -q has a turning-value when 6r has a turning-value, which occurs when £= -3£H
, since the sum of the factors is constant, i.e., when ^= -; and therefore when 
Then the equation of the graph by (8) is Now h-+ 3q= -^-. a
But the product of the three roots of equation (6) is -r and the product of the two imaginary roots is positive ;
.
•. h and r have opposite signs ; m* ,-. h? + 3q is positive, = -, say, and the equation of the graph can be written in the form from which the form of the graph is easily seen (Fig. 29 (y) ). (8) The roots of the equation may be all real.
The sum of these roots is zero ; therefore there is a positive root and a negative root. Taking A to be a root of the same sign as r, r n 2 if r 4= 0, so that h-+ 3q = --= --^-, say, the equation of the graph takes the form >, = f {(£ +2A)* -«*}, from which the form of the graph is easily seen (Fig. 29 (8) ).
If r = 0, take A = 0 and the equation becomes i; = £*{£* + 6<?}; where, of course, q is negative since r 2 + 4q 3 is negative. (Fig. 29 (8') ). . The equation has two roots equal if one root of equation (10) is zero;
Now consider the equation
. A = a 5. The equation has two real and two imaginary roots if the product of the roots of equation (10) is negative;
A is negative.
6. The equation has its roots all real and different if the product of the roots of equation (10) It remains to distinguish the last two cases. In case 6, r' + 4</ is negative as only form Fig. 29 (8) or (<5' ) of the grapli is possible. In case 7, r" + 4q'' may be either negative or positive, or zero, since the graph may have any of the possible forms. If, then, q is positive and A is positive all the roots are imaginary; but, if q is negative, we observe that the roots of equation (10) are all positive if the roots under discussion are all imaginary, and the roots of equation (10) are two negative and one positive if the roots under discussion are all real; therefore, only if these roots are all imaginary, can the order of the signs of the terms of equation (10) i positive, the roots are all imaginary ; otherwise, if A is positive, the roots are all real.
